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We investigate the decoherence properties of a moving spin- 1
2
Dirac electron coupled with an
external environment. The effects of special relativity will modify the decoherence properties sig-
nificantly. Given an example of a Dirac electron in a fully coherent spin state, which suffers from
dephasing, we show that the decay of the off-diagonal element of the reduced density matrix for
spin could be much suppressed. If the time is long enough, the off-diagonal elements will reach a
nonzero saturation value, which indicates that the decoherence process seems halting eventually.
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Introduction The interrelationship between quantum
mechanics, relativity theory, and information theory is
an essential part of present-day theories in physics [1, 2].
An intriguing example is the relativistic thermodynam-
ics, which was renewed when quantum properties of black
holes [3] were discovered. The thermodynamics of mov-
ing bodies [4] also demonstrate that probability distribu-
tions, which is relevant to Shannon entropy information,
depend on the inertial frame. This is an interesting result
from the viewpoint of information theory. Most recently,
the relationship of relativity theory to quantum informa-
tion theory has attracted increasing interest. Since Peres
etc. find that the spin quantum entropy is not invari-
ant under a Lorentz boost [5], lots of work has focused
on the effects of Lorentz boosts on quantum states and
quantum entanglement [6, 7, 8, 9, 10, 11, 12, 13, 14],
which is the primary resource in quantum computation
and communication. Moreover, relativistic quantum in-
formation theory maybe necessary in practical experi-
ments. It has been shown that the fidelity of quantum
teleportation with a uniformly accelerated partner is re-
duced due to Davies-Unruh radiation [12]. The effects
of special relativity will also play an important role in
other applications includes quantum clock synchroniza-
tion [15], quantum-enhanced communication [16, 17] and
global positioning [18].
Quantum systems coupled with an external environ-
ment will suffer from inevitable decoherence [19, 20, 21],
which is a vital factor that should not be neglected in real
quantum information processing. Quantum decoherence
is also believed to be connected with several fundamental
problems in quantum mechanics, e.g. quantum measure-
ment and quantum to classical transition [19, 20]. The
combination of special relativity and open systems the-
ory is an interesting topic [22]. Given a single spin- 12
Dirac electron with the rest mass m > 0, we could re-
alize the qubit by the spin up and down along the zˆ
direction. If the Dirac electron is coupled with an exter-
nal environment, the coherence of the spin-qubit will be
lost. In regular quantum information theory, people al-
ways assume that the central system is at rest. However,
if the Dirac electron is moving at a constant velocity, the
environment viewed from the electron will be much dif-
ferent, especially when its velocity is comparable to the
light velocity. Therefore, the decoherence properties of
the spin degree of freedom are expected to be modulated
by the effects of special relativity. The problem we con-
sider here is different from the gravitational decoherence
[23], which results from quantum metric fluctuations and
Unruh effect.
In this paper, we investigate how the effects of special
relativity will modulate the decoherence properties of the
spin degree of freedom of a single spin- 12 Dirac electron
moving at a constant velocity. The decoherence is due to
background magnetic noise. We present the time evolu-
tion of the spin state in the operator-sum representation,
and find that its decoherence properties will be modified
significantly. Moreover, we explicitly demonstrate this
kind of modulation effects by considering an example of
an initial fully coherent spin state suffering from dephas-
ing. We show that the decoherence of the spin degree
of freedom could be much suppressed. The off-diagonal
elements will not vanish even after a long time, which is
a striking difference from the situation of a rest electron.
Spin dephasing of a rest electron We start by consider-
ing the dephasing process for the spin degree of freedom
of an electron with background magnetic noise. In reg-
ular quantum information theory, the electron is always
assumed to be at rest. Since the spin magnetic moment
of the electron is µ = eℏ2mc , where e is the magnitude
of the electronic charge, its interaction with a magnetic
field B = ∇×A is described by the simple Hamiltonian
HI = µσˆ·B (1)
where σˆ = (σx, σy , σz) are Pauli matrices. If the
noisy background magnetic field is B =Bzˆ in the zˆ di-




2/2κ2 , and under quasi-static approximation
[24], we can write the reduced density matrix for the spin
2degree freedom of the electron at time t as a completely







where ρ is the initial spin density matrix. The oper-
ation elements are {Ei} = {I, σx, σy, σz}, and the pa-






−i2µBtη(B)dB with γ = 2κ2µ2. Here we
set ~ = 1 for simplicity. This kind of decoherence model,
named dephasing, is very important in quantum infor-
mation theory, and has been widely investigated [19, 25].
In the dephasing process, the diagonal elements of the
spin density matrix remain unchanged. The decoher-
ence properties is reflected by the off-diagonal element,
which will decay exponentially ρ↑↓(t) = ρ↑↓e−γt
2
until
ρ↑↓(t) → 0 in the long time limit γt2 ≫ 1, i.e. the spin
state becomes classically mixed.
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FIG. 1: (Color online) A spin- 1
2
Dirac electron, at rest in the
moving internal frame RS with the velocity v, is coupled with
the background magnetic noise in the zˆ direction of the rest
frame RE.
Spin decoherence of a moving electron To deal with
the relativistic Dirac electron moving at a constant veloc-
ity v = (v sin θ cosϕ, v sin θ sinϕ, v cos θ) relative to the
rest frame RE , we should adopt the Dirac equation for
the electron in external homogeneous static fields. After
choosing a suitable reference frame R, the Dirac Hamil-
tonian in Foldy-Wouthuysen representation [26] is
















where pˆ = −iℏ∇, and E = −∇φ represents the elec-
tric field. The above Hamiltonian is a non-relativistic
expansion to order v2p/c
2, where vp is the relative ve-
locity of the electron in the reference frame R. It is
convenient for us to investigate the dynamical proper-
ties of the Dirac electron in the the moving internal
frame RS with the velocity v relative to the rest frame
RE , in which the electron is at rest, i.e. vp = 0. By
virtue of the Foldy-Wouthuysen representation, we only
need to consider the positive energy states. For the spin
and momentum eigen state |p, s〉, of which |p〉 ∼ eip·r,
Hpe
ip·r = εpeip·r. After time t, the evolution of the state
is |p, s〉 → eiφp(t)|p〉e−iHSBt|s〉. The momentum phase
φp(t) becomes trivial when tracing out the momentum
degree of freedom.
In the rest frame RE , the magnetic field is B =Bzˆ in
the zˆ direction, thus the fields viewed in the moving frame
RS can be obtained according to the Lorentz transforma-
tions [27] as follows
E′⊥ = cosh ξ(E⊥ +
v
c
×B)⊥, E′q = Eq
B′⊥ = cosh ξ(B⊥ −
v
c
×E)⊥, B′q = Bq (4)
where q and ⊥ mean parallel and perpendicular to v,
the rapidity ξ is defined as cosh ξ = 1/(1 − v2/c2)1/2.
After some straightforward calculations, and note that
p = 0, we get the effective Hamiltonian for the spin de-
gree of freedom of the Dirac electron HSB = µσˆ·B
′,
where B′x = B(1 − cosh ξ) cos θ sin θ cosϕ, B
′
y = B(1 −
cosh ξ) cos θ sin θ sinϕ, and B
′
z = B(cos
2 θ+cosh ξ sin2 θ).
The effective Hamiltonian for the spin degree of freedom
coupled with the external field means that from the view-
point of the moving Dirac electron, the environment is
different compared to the situation when the electron is
at rest due to the effects of special relativity. In the fol-
lowing, we investigate in detail how this kind of effects
will modify the dynamical properties of the spin decoher-
ence.
The interaction with the external magnetic field B′
will introduce a rotation on the spin by δ about the nˆ =
(nx, ny, nz) axis by the equation








, i = x, y, z, with B
′




1/2 = B(cos2 θ + cosh2 ξ sin2 θ)1/2, and the rotation
angle is δ = 2µtB
′
. In the similar way, the noisy back-
ground magnetic field B is with Gaussian probability dis-
tribution, and under quasi-static approximation [24], we
can write the density matrix for the spin degree freedom





where ρ(B, t) = U(B, t)ρU †(B, t) and ρ denotes the ini-
tial spin density matrix.
We first examine the diagonal elements by calculat-
ing ρ↑↑(t). According to Eq.(5), it is easy for us to write





1/2 sin δ, where ∆ρ↑↑ = 12 [η(ρ↑↑ − ρ↓↓) − χ(ρ↑↓e
iϕ +
ρ↓↑e−iϕ)] with the two modulation factors defined as






ing over the magnetic field B with Gaussian probability
distribution, we obtain
ρ↑↑(t) = ρ↑↑ −∆ρ↑↑(1 − e−γ
′t2) (7)
where γ′ = γ(cos2 θ + cosh2 ξ sin2 θ) = 2κ2µ2(cos2 θ +
cosh2 ξ sin2 θ). The first term is just the same as the de-
phasing process in regular quantum information theory,
i.e. v = 0. However, the second item in Eq.(7) indicates
that the diagonal elements will changes as time, which is
a different decoherence source introduced by the effects
of special relativity. In the long time limit γ′t2 ≫ 1, the
spin up population will decrease ∆ρ↑↑.
Now we turn to the off-diagonal elements, in the similar
way we can obtain ρ↑↓(B, t) = ρ↑↓e−iδ + 2∆ρ↑↓ sin2 δ2 +
i








The first item in ρ↑↓(t) is similar to the exponential decay
in regular dephasing process, except that the decay rate
changes to γ′ = γ(cos2 θ + cosh2 ξ sin2 θ) ≥ γ. The other
effect of special relativity is reflected by the second item,
which implies that when γ′t2 ≫ 1, ρ↑↓(t)→ ∆ρ↑↓ that is
a saturation value other than zero, i.e. the off-diagonals
will not vanish.
From the evolution of diagonal and off-diagonal ele-
ments in Eqs.(7,8), we can clarify the physical picture
of the above results by expressing the density matrix for
the spin degree of freedom at time t in the operator-sum
representation






where p0 = (1 + e
−γ′t2)/2, p1 = (1 − e−γ
′t2)/2
and ε = p1(η + χ). The operators {Fi} are F1 =
[p1(η−χ)]
1/2(cosϕσx+sinϕσy) and F2 = (p1χ)
1/2(σz +
cosϕσx + sinϕσy). If the velocity of the electron v = 0,
the modulation factor η = χ = 0, and the above results
reduce to the regular dephasing of a rest spin. When we
consider a moving electron, the first two items in Eq.(9)
is similar to pure dephasing. However, the decay rate
of the off-diagonal elements is amplified by the factor
cos2 θ + cosh2 ξ sin2 θ > 1. The suppression of dephasing
is due to the third item −εσzρσz, while the operators
F1 and F2 represent different decoherence mechanisms
which makes the spin suffer from other decoherence than
pure dephasing.
It can be seen that the modulation factors η and




















FIG. 2: (Color online) Decoherence modulation factor as a
function of the rapidity and angle η vs. ξ and θ.
of special relativity. Fig 2 shows the modulation fac-
tor η as a function of the rapidity ξ and θ. For a
given rapidity ξ, the modulation factor η = (cosh ξ −
1)2(1 − cos2 2θ)/2[(cosh2 ξ + 1) − (cosh2 ξ − 1) cos 2θ].
We are interested in the maximum value of the modu-
lation factor. Thus we consider the first order partial
differential equation ∂η/∂(cos 2θ) = 0, which leads to
cos 2θ = (cosh ξ− 1)/(cosh ξ+1), and the corresponding
maximum value of η is
ηmax = (
cosh ξ − 1
cosh ξ + 1
)2 (10)
We plot the maximum value ηmax for various rapidity ξ
in the following Fig 3(a). It can be seen that ηmax always
increases monotonically as the rapidity ξ grows. In the
limit ξ →∞, i.e. the velocity is close to the light velocity
v → c, the maximum modulation factor ηmax reaches
the constant value 1. For the angle θ of the velocity v























FIG. 3: (Color online) a. Maximum value of decoherence
modulation factor as a function of rapidity ηmax vs. ξ; b.
Off-diagonal element as a function of time ρ↑↓(t) vs. γt
2, and
the rapidity ξ = 2.5 (Solid), ξ = 0 (Dashed). The initial spin
state is |ψ〉 = 1√
2
(| ↑〉 + | ↓〉).
that maximize the value of η, the corresponding value






χm = 2 cosh
1/2 ξ(cosh ξ − 1)/(cosh ξ + 1)2. When we
consider the relativistic Dirac electron, i.e. the velocity
v is comparable to the light velocity c, χm ≪ ηmax, thus
can be neglected in some sense.
Example To explicitly demonstrate the effects of spe-
cial relativity on the spin decoherence of a moving Dirac
4electron, we consider a spin qubit in a fully coherent ini-
tial state |ψ〉 = 1√
2
(| ↑〉 + | ↓〉). We could have chosen
a more general initial spin state with different relative
amplitudes. However, the above state gives rise to all
interesting physical features in the situation considered
here. Based on Eqs.(7,8), we can write the diagonal and
off-diagonal elements as ρ↑↑(t) = 12 [1+χ cosϕ(1−e
−γ′t2)]
and ρ↑↓(t) = 12e
−γ′t2 + 14 [(1 + e
−i2ϕ)η](1 − e−γ
′t2). We
set the velocity angle ϕ = 0 to maximize the modulus of










′t2 + η] (12)
We plot the decay of the off-diagonal element of the re-
duced density matrix for spin in Fig 3(b). We compare
two cases when the rapidity ξ = 2.5 and ξ = 0. The
velocity angles are set to maximize the modulation fac-
tor η. It is obvious that the spin dephasing is signifi-
cantly modified by the effects of special relativity. In the
short time region, the off-diagonal element decays more
faster, which is due to the change of γ → γ′ by the factor
cos2 θ + cosh2 ξ sin2 θ = 6.13229 > 1. However, as the
time is longer, the decay of the off-diagonal element will
be much suppressed. In particular, if the time is long
enough, for the rapidity ξ = 0, the off-diagonal element
vanishes, which means that the spin degree of freedom
becomes classically mixed, i.e. the coherent information
is all lost. However, for the rapidity ξ = 2.5, the off-
diagonal element will reach a nonzero saturation value
ηmax/2 = 0.2589, and the spin state becomes steady,
which suggests that the decoherence process seems halt-
ing, i.e. the coherent information will not lost into the
environment anymore due to the effects of special rela-
tivity.
The above discussions are extensible to the situation
of several spin- 12 Dirac electrons coupled with one com-




σˆi·B. For example, we consider two electrons in
the spin entangled state |ψ〉 = 1√
2
(| ↑↑〉 + | ↓↓〉) mov-
ing at the same velocity, and investigate how the effects
of special relativity will modify the decay of entangle-
ment in a decoherence environment [28, 29, 30]. If the
electrons are at rest, the two-qubit entanglement quan-
tified by the concurrence [31] will decay exponentially as
C(t) = exp(−4γt2). In order to highlight the effects of
special relativity, we assume that v ∼= c, thus the modu-
lation factors are η ∼= 1 and χ ∼= 0. After simple calcula-
tions, it is easy to obtain the evolution of the two-qubit
entanglement C′(t) = exp(−4γ′t2). Therefore, unlike the
situation of a single electron, the effects of special rela-
tivity will makes C′(t)→ 0 much more quickly.
Conclusions We investigate the effects of special rela-
tivity on the decoherence properties of a spin- 12 Dirac
electron, moving at a constant velocity. By consider
the spin dephasing process which results from the back-
ground magnetic noise, we find that the decoherence
properties is significantly modified. Different decoher-
ence mechanisms other than pure dephasing emerge and
the dephasing could be much suppressed. Moreover, if
the time is long enough, the decoherence even seems halt-
ing, i.e. the spin coherent information will be preserved.
The extension of this work to general decoherence mod-
els will enlarge the research scope of relativistic quantum
information theory, and establish interesting connections
between special relativity and quantum mechanics.
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